Dynamics of pressure field evolution inside thin films under the effect of ionic strength gradient is not well understood. Dynamics of the pressure field is important as it controls the film hydrodynamics and also change of contact angle due to the change of ionic strength.
Results show that diffusion length (transport length) and the overlapping of the double layers affect the pressure field significantly. The results imply that in thin films where ionic diffusion is expected, interfaces can deform due to the nonlinear pressure field, which is triggered by the asymmetric and multi-directional transport of ions. This brings a new insight into thin film hydrodynamics that can contribute to understanding the dimple formation in thin films.
Ionic transport and thin film hydrodynamics
Ionic transport in micro/nano channels and thin films have been intensively studied from atomistic and mechanistic point-of-view for different industrial and natural systems. [1] [2] [3] [4] For example, the membrane technology is based on controlling the transport (diffusion) of ions by a selective electric field in nano-pores, which makes the membrane permeable only to counter ions. In particle physics, interaction between colloids and interfaces 5, 6 due to electrostatic forces control the total force and finally attachment and detachment of the particles, which are commonly calculated using the DLVO theory. However, the DLVO analysis cannot provide information about the dynamics of the pressure field. Lamella stability in foams is another important application where understanding of pressure evolution inside the water films and ionic diffusion and their time scale control the foam performance. 7 Not only the rate of film thinning and thickening is controlled by the surface and electrolyte charge densities but also the shape of interfaces is controlled by the surface forces and film thickness as experimentally observed 8, 9 and hydrodynamically modelled in other studies. 10 When a bubble approaches another surface, the curvature of the interface in the central point of the lens between bubble and surface will be reversed so that the central part beneath the bubble will have larger film thickness compared to the rim of the lens. This is referred to as dimple. The dimple will disappear when the system reaches a new mechanical equilibrium state. 11 Dynamics of the pressure field to analyse the dimple formation has been intensively studied from the hydrodynamic perspective. [11] [12] [13] [14] [15] [16] The Reynolds lubrication theory for thin films augmented by an ad hoc approximation of surface forces has been employed to simulate the pressure field. However, this theory is unable to provide any information about the dynamics of electrical field and surface forces due to charge migration.
The interaction of ionic diffusion and thin film hydrodynamics can be found in other industrial applications such as petroleum engineering. Wettability alteration by lowering the ionic strength is an emerging technology in petroleum engineering, referred to as "low salinity water flooding" (LSF) that can improve the hydrocarbon extraction efficiency. It is conjectured that LSF modifies the wettability by reducing the ionic strength and increase of disjoining pressure. 17 Experimental observations 17 (see Figure 1 ) support the hypothesis that wettability can be significantly modified by replacing the high ionic strength electrolyte with a low ionic strength electrolyte. As a result, the solid surface becomes less oil-wet and oil may get detached from the surface. This cannot happen if ionic diffusion does not occur in thin films. As shown in Figure 1 , this process is slower than simple Fickian diffusion. Churaev 18 has shown that a contact angle (wettability) is directly linked to the disjoining pressure in a thin film. Thus, to understand the dynamics of contact angle variation, one should understand the dynamics of disjoining pressure in thin films, which is the main objective of this paper. We develop a computational model that integrates ionic transport (Nernst-Planck theory) and electrical field (Poisson theory) with Maxwell Stress Tensor to compute the pressure field in time. To reduce the computational complexity, we assume a rigid domain (no interface deformation). We will show how the overlapping of double layers and ionic diffusion length influence the evolution of pressure.
Theory Electrical double layer
In the vicinity of a charged surface two different layers are conceptualized (Figure 2 ). The first layer comprises ions adsorbed onto the surface due to chemical interactions and the second layer is composed of ions attracted to the surface charge via the Coulombic forces. The second layer is composed of free ions that can move in the fluid due to any external gradient (such as pressure, electric potential, concentration). Therefore, it is referred to as "diffuse layer". The double layer
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Glass high ionic strength low ionic strength Figure 1 : Impact of decreasing the ionic strength of an electrolyte on changing the wettability of a clay-covered glass surface towards more water-wet conditions. Crude oil has affinity to the surface at high ionic strength and by replacing the initial electrolyte with a low ionic strength electrolyte the surface becomes water-wet.
thickness is characterised by the Debye length (λ D ). 
Electric field
Since the objective is to develop a numerical model to estimate the change in disjoining pressure due to the change of electrostatic forces with time, it is needed to simulate the coupled electric field 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 the Poisson equation relates the electric potential (ψ) to the net charge density:
where, ε is the permittivity of the medium, ρ e is the net charge density as the difference between cations and anions: ρ e = ∑ ez i n a c i , where z i and n a denote the valance of the ion i and Avogadro number, respectively. Also, e denotes the charge of a proton, and c i denotes the mol concentration of the ion i. Under equilibrium conditions, the electric potential would decay to zero at a distance λ D from the charged surface. This distance, referred to as the Debye length, is inversely proportional to the square root of the ionic strength, Γ, written as:
k B is the Boltzmann constant and T is the temperature and c b is the bulk concentration where ψ is zero (electro-neutral condition). The spatial distribution of ions is given by the Boltzmann distribution, as follows:
Transport of ions
Based on the Nernst-Planck relation, the mass balance of the non-reactive ion i is given:
5 
where δ i j is the Kronecker delta and i, j = x, y, z.
Most studies dealing with the calculation of pressure inside a thin film are restricted to equilibrium conditions. At equilibrium Poisson-Boltzmann equation is valid and is used to relate the osmotic pressure in the double layer to the bulk osmotic pressure. This gives the differential osmotic pressure as. 20
This does not hold under non-equilibrium conditions as c ± = c ± b exp(∓ψ). To calculate the relative pressure difference a virtual bulk concentration has been locally defined as c
. This leads to a the differential osmotic pressure appropriate to calculate the relative pressure:
Pressure evolution inside the channel
To calculate the pressure field inside the film or channel, Navier-Stokes equation augmented with the body force due to the electrochemical potential of the system is used. 21, 22 The electrostatics 6 and hydrodynamics are coupled together through the Maxwell stress tensor based on the following relation:
where µ is fluid dynamic viscosity, p is pressure and ρ is fluid density. This is the full form of the conservation of the momentum in thin films.
The other simpler alternative for simulating hydrodynamics of thin (charged or neutral) films is the application of "Reynolds lubrication theory". In thin film applications, where the fluid motion is in the Stokes regime, the Reynolds lubrication theory has been used where film thickness and film pressure as a function of time and position in radial form h(r,t), p(r,t) have been modelled. [23] [24] [25] [26] For example, Webber et al. 23 employed the Reynolds lubrication theory to study dimple formation.
They explained that dimple arises from the combined effects of decrease of hydrodynamic pressure and monotonic repulsive double layer interactions. Joye et al. 27 measured the rate of film thinning in a symmetrical foam film and simulated it by including the disjoining pressure in the film theory using lubrication approximation. The disjoining pressure is proposed only as a function of film thickness. They concluded that with inclusion of the disjoining pressure, the film drains relatively fast compared to a thick uniform equilibrium film. In the opposite way, inclusion of the droplet deformation had a reasonable agreement with the experiments. In none of these studies using the lubrication theory, the impact of transport of ions on disjoining pressure has been simulated.
Also the time evolution of disjoining pressure has not been studied. Therefore, the Navier-Stokes formulation of disjoining pressure is preferred as it can be coupled with the transport of ions.
Since our study system is under the diffusion condition, the advective velocity field can be ignored that reads:
7 Numerical modelling
Cylindrical form of the governing equations
Since the thin electrolyte film squeezed between the oil droplet and the surface can be idealized as a disc with axi-symmetric properties (inspired by the experiment shown in Figure 1 ), the equations can be rewritten in the cylindrical coordinates. Note that in this modelling exercise, the domain is rigid while in the experiment the oil interface in contact with the surface is deformed as the more water-wet status is attained. The size of the rigid domain based on the dimensionless parameters is Figure 3 . λ D H is the Debye length in high ionic strength (initial condition in this study) for any composition of the fluid. Due to the axi-symmetric condition we will have primary variables as c i = c i (z, r) and ψ = ψ(z, r). We define other dimensionless parameters as follows: 
The equilibrium initial conditions is defined by equation 13, but then under dynamic conditions the Poisson equation is applied, as follows:
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Taking the divergence from both sides of Equation 12 will result the following dimensionless equation in the cylindrical form.
Boundary and initial conditions
For modelling solid fluid interactions, the electrostatic interface condition is extremely important and can control the transport of ions as well as evolution of the disjoining pressure. There are two major boundary conditions for charged surfaces; constant charge density and constant potential conditions. Based on the discussion provided in the Supporting Information, we propose that the constant charge density condition can represent the physical conditions more satisfactorily compared to the constant potential conditions. We assume a constant charge density on top and bottom boundaries of the disc shown in Figure 3 . Following the Gauss' law, the charge density σ would be related to the gradient of the electric field normal to the surface. 28 This is a natural boundary condition where the charge density is an intrinsic property of the medium.
By introducing the characteristic charge density, σ 0 = εk B T λ D H e andσ = σ /σ 0 , the dimensionless form of the boundary condition would be as follows:
The side boundaries of the disc shown in Figure 3 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 symmetry of the disc, a 2D cross section of the half disc is simulated as shown in Figure 4 . The right boundary is exposed to the bulk fluid and the left boundary which is the centre of the disc, ∇ψ · n = 0 or in the dimensionless form (∂xψ) · n x = 0.
As explained the right boundary is exposed to the bulk electrolyte at a lower concentration (0.1) and the left boundary, centre of the disc, is at the zero gradient (no flux) of concentration. Zero gradient of concentration is also applied to the top and bottom boundaries. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 grid resolution is chosen to be 0.01 (scaled by the Debye length thickness) in all simulations.
Results and discussion
Effect of overlapping double layers on ionic diffusion
The simulations start with an equilibrium condition at high ionic strength ( 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 As obviously it can been seen, the cations have much slower outward diffusion rate compared to anions, although the absolute valance of the ions and their diffusion coefficients are the same. As a result of ionic diffusion, the electric field enhances the co-ions diffusion. By increasing the channel height (reducing the overlapping double layers), the cations diffusion rate becomes faster and the opposite occurs for anions. In charged systems where the electric field is strong, the diffusion of ions is asymmetric and the symmetry becomes stronger by increase of channel height or reduction of electric field. In our negatively charged system, the effective diffusion coefficient for cations under overlapping conditions, is orders of magnitude smaller than the bulk diffusion coefficient and for anions it is orders of magnitude larger, which is consistent with the results of Mahani et al. 17 Note that due to the negatively charged boundary conditions (similar to natural sandstone rocks covered by clays) the outward ionic diffusion of the cation is more important.
Evolution of pressure in a thin channel
To analyze the pressure evolution inside the channel, we are interested in estimating the differential pressure, which is the difference between total pressure and osmotic pressure. However, osmotic 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 definition shows how far the system is from the equilibrium status. When the system is at equilibrium, the total pressure at double layer will be equal to the osmotic pressure of the bulk fluid at the boundary.
In formalism (b), the pressure is calculated using the steady-state definition of the osmotic pressure (Equation 9). Since the osmotic pressure at low ionic strength is smaller than the osmotic pressure at high ionic strength, the ultimate equilibrium pressure will be smaller than the initial pressure.
For a system at equilibrium at high ionic strength, the pressure everywhere is the same, resulting in a zero net electostatic pressure based on formalism (a)(red curves in Figures 7) a and c. Then the bulk concentration at the boundary decreases one order of magnitude causing the evolution of electric field and ionic diffusion. After reaching the equilibrium condition at low ionic strength, again the pressure would be the same everywhere equal to the boundary pressure (blue curves in 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 60 and similar oil drops on the substrate. They employed the Reynolds lubrication theory to estimate the hydrodynamics of thin films. They explained that dimple (which indicates a non-monotonic pressure field) arises from the combined effects of decrease of hydrodynamic pressure and monotonic repulsive double layer interactions. Also Goodall et al. 31 measured the film thickness between an oil droplet and a solid surface while the oil droplet was approaching towards the surface.
They observed that initially a dimple is formed and in time this dimple will be drained. Ultimately a flat surface will be obtained. They observed that by film thinning and double layer overlapping, the drainage rate slows down. They discussed that effects of electrolyte concentration on hydrodynamic factors (such as interfacial tension) were negligible in their study. Thus, variation of the film drainage were not due to the hydrodynamic factors, and are sensitive to the electrolyte concentrations mainly due to double layer overlapping. These findings although based on deformable interfaces support our results where the nonlinear asymmetric multi-directional transport of ions induce a nonlinear pressure field that can initiate interface deformation.
Also the importance of the diffusion length for the non-monotonic pressure field has been echoed in other studies 32 where authors concluded that dimple formation is happening in films under hydrophobic conditions when the planar radius of the film under the droplet is much larger than the film thickness. As they did not observe dimple formation in smaller diffusion length.
Contribution of pressure dynamics to wettability change in natural rockcrude oil-brine systems
The simulation results under dynamic conditions clearly show the effect of electric potential field and film thickness on the behavior of ionic diffusion for a given charged system. This was shown for the cases where ionic strength of the surrounding is reduced compared to the resident high ionic strength inside the film. This change disturbs the initially established thermodynamic equilibrium condition of the system. Therefore diffusion of ions kicks in between the film and the surrounding environment. The diffusion process at thinner films is more limited and significantly reduced due to the electric field (since a field of potential gradient is imposed on concentration gradient), which is found to result in a far slower than the pure Fickian diffusion. This is because the mobility of ions is strongly affected by the presence of electric charges. This was severe for the ions having the opposite charge as the interfaces. In this system, the dynamics of pressure is characterized by first a transient pressure build-up in the film followed by slight relaxation of the pressure as the ions concentration reaches equilibrium concentration. As the film thickness decreases, the contribution of osmotic pressure is reduced compared to electro-static, which implies that osmotic pressure contribution become negligible in very thin films. Under the (overall)
increase of disjoining pressure due to reduction of ionic strength, the system in over-balanced (i.e. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 of reservoir affects significantly the oil recovery. An important determining factor of wettability is the water film thickness. Typically in water-wet rocks, the film thickness is large (can exceed 10-20nm). In oil-wet systems the film thickness can be relatively much thinner. A more specific example is rock, oil, brine system where oil can be the wetting fluid under high ionic strength conditions. Oil can directly bind to the rock by non-DLVO forces (such as acid-base interactions) or can indirectly bind through a water-film (of thickness 1-10nm) separating oil and rock interfaces.
Due to the polar components in crude oil and existence of clays particle on surface of sandstone rocks, both oil and rock are highly charged (in case of sandstone rocks, both are negatively charged based on negative zeta potential measurements 17 ). The wettability can be then modified to more water-wetting be reduction of ionic strength, which can be explained by diffusion of the low ionic strength water to the contact line/film. Under low ionic strength conditions the double-layers become over-lapping which leads to expansion of film and detachment of oil from mineral surface. It is noteworthy that in the previous work, 17 it was found that the wettability alteration by reduction of ionic strength was unexpectedly slow (time scale was 10-20 times slower than pure diffusion process). This was hypothesized to be related to slow ionic diffusion process owing to the fact that the transport of ions in the film is significantly affected by the electric charges or potential around oil and rock interfaces and the second term in the Nernst-Planck equation becomes dominant. The dynamic simulation results of this study are very consistent with this and can provide a plausible explanation. Nevertheless, the diffusion process can be affected by several other factors such as surface roughness of rock, non-uniform film thickness and charge heterogeneity of the interfaces.
These factors were not in the scope of this work to study, however it is certainly worth investigating
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